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Abstract 

We construct representations 7i> of the quantum algebra U q (sl(n)) labelled by n — 1 
complex numbers r% and acting in the space of formal power series of n{n — l)/2 non- 
commuting variables. These variables generate a flag manifold of the matrix quantum 
group SLqin) which is dual to U q (sl(n)) . The conditions for reducibility of 7T> and 
the procedure for the construction of the q - difference intertwining operators are given. 
The representations and q - difference intertwining operators are given in the most explicit 
form for n — 3. 
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1. Introduction 

Invariant differential equations I f = play a very important role in the description 
of physical symmetries - recall, e.g., the examples of Dirac, Maxwell equations, (for more 
examples cf., e.g., [0). It is an important and yet unsolved problem to find such equations 
for the setting of quantum groups, where they are expected as (/-difference equations, 
especially, in the case of non-commuting variables. 

The approach to this problem used here relies on the following. In the classical situa- 
tion the invariant differential operators X giving the equations above may be described as 
operators intertwining representations of complex and real semisimple Lie groups @, 0, 
UJ], [Q. There are many ways to find such operators, cf., e.g., []]], however, most of these 
rely on constructions which are not available for quantum groups. Here we shall apply 
a procedure which is rather algebraic and can be generalized almost straightforwardly 
to quantum groups. According to this procedure one first needs to know these construc- 
tions for the complex semisimple Lie groups since the consideration of a real semisimple 
Lie group involves also its complexification. That is why we start here with the case of 
U q (sl(n)) (we write sl(n) instead of sl(n,W)). For the procedure one needs ^-difference 
realizations of the representations in terms of functions of non-commuting variables. Until 
now such a realization of the representations and of the intertwining operators was found 
only for a Lorentz quantum algebra (dual to the matrix Lorentz quantum group of |J) in 
0. The construction in [[7] (also applying the procedure of ||) involves two g-commuting 
variables r\f\ = qfjrj and uses the complexification U q (sl(2)) <S> U q (sl(2)) of the Lorentz 
quantum algebra. 

In the present paper following the mentioned procedure we construct representations 
7Tf of U q (sl(n)) labelled by n — 1 complex numbers f = {n, . . . ,r n _i} and acting 
in the spaces of formal power series of n{n — l)/2 non-commuting (for n > 2) variables 
Yij j 1 < j < i < n>- These variables generate a flag manifold of the matrix quantum 
group SL q (n) which is dual to U q (sl(n)) . For generic r% G W the representations 7T> 
are irreducible. We give the values of when the representations 7i> are reducible. It is in 
the latter cases that there arise various partial equivalences among these representations. 
These partial equivalences are realized by q - difference intertwining operators for which 



2 



we give a canonical derivation following . For q = 1 these operators become the invariant 
differential operators mentioned above. We should also note that our considerations below 
are for general n > 2, though the case n = 2, while being done first as a toy model 
||, is not interesting from the non-commutative point of view since it involves functions 
of one variable, and furthermore the representations and the only possible g-difference 
intertwining operator are known for U q (sl(2)), (though derived by a different method), |J. 

The paper is organized as follows. In Section 2 we recall the matrix quantum group 
GL q (n) and its dual quantum algebra U g . In Section 3 we give the explicit construction 
of representations of U g and its semisimple part U q (sl(n)). In Section 4 we give the 
reducibility conditions for these representations and the procedure for the construction of 
the q - difference intertwining operators. In Section 5 we consider in more detail the case 
n = 3. 



2. The matrix quantum group 

Let us consider an n x n quantum matrix M with non-commuting matrix elements 
aij, 1 < i, j < n. The matrix quantum group A g = GL q (n), q G (F, is generated by the 
matrix elements with the following commutation relations [!(]] (A = q — o _1 ) : 

aijau = q~ x aaaij , for j < £ , (la) 

aijttkj = q^dkjdij , for i < k , (lb) 

aua kj = a kj au , for % < k , j < £ , (lc) 

a M aij - aija k i> = Xa i£ a kj , for i < k , j < £ . (Id) 

Considered as a bialgebra, it has the following comultiplication 5^ and counit e_a '■ 

n 

<U(a»j) = S ^2aik®a k j, £A(a>ij) = $ij ■ ( 2 ) 
fc=l 

This algebra has determinant D given by ||1C|| : 



D = € (P) a l,p(l) ■ ■ ■ a n,p(n) = ^ e (^) fl p(l),l • • • fl p(n),n , (3) 

P&S n P£S n 
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where summations are over all permutations p of {1, . . . , n} and the quantum signature is: 



<p) = n 



j<k 

pU)>pW 



The determinant obeys ||10||: 



(4) 



6 A (D) = D®D , = 1 . 



(5) 



The determinant is central, i.e., it commutes with the elements [1C]: 



a ik D = D a. 



k ■ 



(6) 



Further, if D ^ one extends the algebra by an element D 1 which obeys ||10|| : 



DD' 1 = D~ X D = 1 



A 



(7) 



Next one defines the left and right quantum cofactor matrix [ IU | 

e(p o a 



E 

p(i)=j 

E 

p0')=* 



^l,p(l) • • • ^ij ' " " ®n,p(n) 



e((Ti 



/ \ ^p(l)>l ' ' ' *J ' ' ' p(n),n i 



where cr^ and cr' denote the cyclic permutations: 



(8) 



(Ti = {*,...,!}, a' = {j, ...,n} 



(9) 



and the notation x indicates that x is to be omited. Now one can show that 1C 



/ J aij Aij = Aji dji = 5a D 



(10) 



and obtain the left and right inverse JTD 



M~ x = D' 1 A = A D~ 



'IV, 



Thus, one can introduce the antipode in GL q (n) JT 



7^(o y ) = D 1 Aji = Aji D 1 



(12) 



Next we introduce a basis of GL q (n) which consists of monomials 
/ = (a 21 ) P21 . . . (a n , n _ 1 ) p -»- 1 (an) 11 . . . (a nn )^ (a n _ 1)n ) n — . . . (a 12 ) n - = 

(13) 

J£,p,n i 

where £,p,n denote the sets {£i}, {Pij}, {^ij}, resp., £i,pij,riij G ^ + and we have used 
the so-called normal ordering of the elements a%j. Namely, we first put the elements a%j 
with % > j in lexicographic order, i.e., if i < k then a^- (i > j) is before afc£ (A; > £) and 
ati (t > i) is before at^ (t > k); then we put the elements an; finally we put the elements 
ciij with i < j in antilexicographic order, i.e., if i > k then (i < j) is before a^t (k < £) 



and au (t < i) is before atk (t < k). Note that the basis ( |13|) icludes also the unit element 



1a of A g when all {£i}, {pij}, {^ij} are equal to zero, i.e.: 

/o,o,o = U g ■ (14) 

We need the dual algebra of GL q (n). This is the algebra U g = U q (sl(n)) ® U q (Z), 



where U q (Z) is central in U g Let us denote the Chevalley generators of sl(n) by Hi 



Xf, i = l,...,n-l. Then we take for the 'Chevalley' generators of U = U q (sl(n)) : k{ = 
fc—l _ j£±^ j = 1 5 . . . ?n _ 1 5 with the following algebra relations: 

kikj = kjki , kik i = k i 1 ki = lu g , ^i-^-f 1 = Q~ slClj X^ki (15a) 

[Xf,X~] = 5 tJ (kl-k- 2 )/\, (156) 

{Xffxf - [2} q Xfxfxt + X± (Xf) 2 = , \i -j\ = 1 , (15c) 

=0, |i-i|^l, (15d) 

where Cjj is the Cartan matrix of sl(n), and coalgebra relations: 

fo(fcf) = , (16a) 

<5 W (X±) = + , (166) 

e w (fcf ) = 1 , £ U {Xf) = , (16c) 

lu{h) = K 1 , 1U (X±) = -q ±l Xf , (16rf) 

where = fcj, /c~ = /c" 1 . Further, we denote the generator of Z by ff and the generators 
of *7 ff (£) by k = q H/2 , k' 1 = q~ H/2 , kk~ l = k~ x k = l Ug . The generators k, k~ x 
commute with the generators of U, and their coalgebra relations are as those of any ki. 
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From now on we shall give most formulae only for the generators fcj, X^, k, since the 
analogous formulae for k7 \ k~ x follow trivially from those for fcj, k, resp. 



The bilinear form giving the duality between U„ and A„ is given by [ ] I 



( h , a jt ) = S jt g (**i-*«.i+i)/2 , (17a) 

( Xf , ajt ) = $j+i,£$ij , (176) 

( X i > ) = $j-\,i&u , ( 17c ) 
( k , ajt ) = 5 jt q 1/2 ■ (17d) 

The pairing between arbitrary elements of U g and / follows then from the properties of 
the duality pairing. All this is given in [JTTJ and is not reproduced here since we shall not 
need these formulae. The pairing ([17]) is standardly supplemented with 

(y , U, ) = e Ug {y) • (18) 

It is well know that the pairing provides the fundamental representation of lA g : 

F (y)je = (y » a ji) > y = h,x±,k. (19) 

Of course, F(k) = q 1 l 2 I n , where J n is the unit n x n matrix. 



3. Representations of U g and U 

We begin by defining two actions of the dual algebra U g on the basis (|I3p of «4. g . 

First we introduce the left regular representation of U g which in the q = 1 case is 
the infinitesimal version of : 

ir(Y) M = F" 1 M , y,Af G GL(n) . (20) 

Explicitly, we define the action of W s as follows (cf. (|19D): 

7r(y) a,, = (F (y" 1 ) M) w = ]T F (y" 1 )^. a j7 = ^ ( y" 1 , a l3 ) a je , (21) 

3 3 
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where y denotes the generators of U g and y 1 is symbolic notation, the possible pairs 
being given explicitly by: 



(y^- 1 ) = (k^k- 1 ), (X±, -Xf), . (22) 
From ( |2T| ) we find the explicit action of the generators of U g : 

7t(ki) a je = qVw-W 2 a jt , (23a) 

tt(X+) ajt = ~5ij a j+ u , (236) 

tv(X~) ajt = -S i+1> j dj-u , (23c) 

7r(fc) ciji = o -1 / 2 dj£ . (23d) 



The above is supplemented with the following action on the unit element of A g : 

<h) \A = 1 A , 7T(X±) 1 A = , 7T(fc) 1 . = 1 . • (24) 



In order to derive the action of 7r(y) on arbitrary elements of the basis ([13]), we use 
the twisted derivation rule consistent with the coproduct and the representation structure, 
namely, we take: 7r(y)<^ = n(5' Ug (y))(<p ® ip), where 5' Ug = a o 5 Ug is the opposite 
coproduct, (cr is the permutation operator). Thus, we have: 

7r(ki)(pip = ir(ki)(p ■ ir(ki)ifj , (25a) 
n{Xf)^ = n(X±)<p ■ Tr^r 1 )^ + ir(ki)<p- ir(Xf)^ , (256) 
7r(k)(pip = %(k)(p ■ n(k)ip . (25c) 

From now on we suppose that q is not a nontrivial root of unity. Applying the above 
rules one obtains: 

TT(ki) (d je ) n = ( a . e) n ? (2 g a) 

n(X+) {a jt r = -<% c n (d^y- 1 d j+ie , (266) 
tt(X~) (a je ) n = -S i+1>j c n dj-u (dji) 71 ' 1 , (26c) 
n(k) (d je ) n = q~ n/2 (d je ) n , (26d) 



where 



c n = q^' 2 [n) q , [n) q = {q n - q~ n )/\ . (27) 



Note that and ( |23D are partial cases of (p6| ) for n = and n = 1 resp. (cf. fll^D). 



Analogously, we introduce the no/i£ action (see also [0) which in the classical case 
is the infinitesimal counterpart of : 

7i R (Y) M = MY, Y,M G GL(n) . (28) 

Thus, we define the right action of U g as follows (cf. (|19|)): 

7Ti?(y) a« = {MF{y)) il = ^ °tf = 5^ a ii ( 2/ > ) > ( 29 ) 

where y denotes the generators of lA g . 



From ( |29|) we find the explicit right action of the generators of IA, 
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K R {ki) a jt = q (Sie-S i+1 ,t)/2 a . £ ? (30a) 

tt r (X+) ajt = Si+ij aj,e-i , (306) 

ir R (X~) ajt = Su dj,t+i , (30c) 

n R (k) = q 1/2 ajt , (30d) 

supplemented by the right action on the unit element: 

7r R (ki) l Ag = l Ag , n R {X±) l Ag = , ir R (k) l Ag = l Ag . (31) 

The twisted derivation rule is now given by 7T R (y)(p^fj = 7r R (Su (y))(<p <S> ifi), i.e., 

7T R (ki)ipip = 7T R (ki)(p ■ 7r R (ki)ip , (32a) 

ir R (X?)<f*p = ir R (X±)<p ■ n R (ki)ip + TtRik- 1 )^ ■ ir R (X±)iP , (326) 

7r R (k)ipip = -K R {k)ip ■ -K R {k)ip , (32c) 



Using this, we find: 



Mh) (ajtT = q^- s ^/ 2 ( aji ) n , (33a) 

7t R (X+) (ajt) n = 5 i+ i t £ c n a jt £-i (ajt)™' 1 , (336) 

n R (X~) (ajt) n = Su c n (a j t) n ~ 1 djj+i , (33c) 

7r R (k) (a je ) n = q n / 2 { aj t) n • (33d) 



Let us now introduce the elements <p as formal power series of the basis (|T3|): 

V = E ( G 2i) m21 • • • Kn-O" 1 "'"- 1 («n) £l • • • x 

*,m,sez + (34) 

x (an.^r™- 1 - • • • (ai 2 ) ni2 . 



By (^Bp and (|33p we have defined left and right action of U g on (p. As in the classical 
case the left and right actions commute, and as in |JJ we shall use the right action to reduce 
the left regular representation (which is highly reducible). In particular, we would like the 
right action to mimic some properties of a highest weight module, i.e., annihilation by the 
raising generators and scalar action by the (exponents of the) Cartan operators ki, k. 
In the classical case these properties are also called right covariance 0. However, first we 
have to make a change of basis using the g-analogue of the classical Gauss decomposition. 
For this we have to suppose that the principal minor determinants of M : 

D m = E C (P) a l,p(l) • • • a m,p(m) = 

"ST (35) 
= e (p) a p(i),i ■ • - a p(m),m , m<n, 



are invertible; note that D n = D, D n _ 1 = A nn . Thus, using fllUD for % = £ = n we can 
express, e.g., a nn in terms of other elements: 

D - J2 anjA nj \ D-i x = D-i x Id - J2 A jn a jn \ . (36) 

j<n J y j<n J 

Further, for the ordered sets I = {i\ < • • • < i r } and J = {ji < ■ • ■ < j r }, let be 
the r-minor determinant with respect to rows / and columns J such that 

6= Yl ^ ai PWh ■ " °*p(r)Jr • ( 37 ) 

Note that £ ;" j = D 4 . Then one has @ (i, j, £ = 1, . . . , n) : 

an = ^^DijZji , Bu = .'.'.'I l% D t \ , Za = D i , (38) 

j 

Bu = for i < £, Za = for % > £, (which follows from the obvious extension of (|37| ) 
to the case when /, resp. J, is not ordered). Then Zij, i < j, may be regarded as a 
g-analogue of local coordinates of the flag manifold B\GL{n). 
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For our purposes we need a refinement of this decomposition: 



Bu = Y U D U , Yu = ZlZt^DJ 1 > D u = D t Dj\, (D = l Ag ) , (39) 

where Y^, j > £, may be regarded as a Q-analogue of local coordinates of the flag manifold 
GL(n)/DZ. 

Clearly, we can replace the basis (|13[) of A g with a basis in terms of Y&, i > £, Di, Zn, 
i < I. (Note that Yu = Zu = 1a 9 -) We could have used also Da instead of D$, but this 
choice is more convenient since below we shall impose D n = D = 1 A . Thus, we consider 
formal power series: 



(40) 



m,7b<E ^_|_ 

lex 

Now, let us impose right covariance |J with respect to , i.e., we require: 

7T R (Xt)<P = 0. (41) 

First we notice that: 

7r R (X+)^j = 0, for J = VJ, (42) 

from which follow: 

nniX^Dj = 0, Y jt = 0. (43) 

On the other hand tth{X^) acts nontrivially on Zjg . Thus, (f|l]) simply means that 
our functions (p do not depend on Zj£ . Thus, the functions obeying (|41|) are: 

V = E W,* (^l) m21 ...(yn,n-l) m -- 1 (^l)' 1 ---W" • (44) 

Next, we impose right covariance with respect to ki,k : 

Tii(fci) V? = 9 ri/2 V , (45a) 
n R {k)<p = Q f/2 y?, (456) 
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where r are parameters to be specified below. On the other hand using ( j32a, cj ), ( |33a, dj 
we have: 



= ^ /2 Cj, e5 = <? j/2 £j, for j = vi, (46) 

from which follows: 

TrR(fci) Dj = q 5 ^' 2 Dj , n R (k) D j = q^ 2 D 3 , (47a) 

7T R (ki) Yji = Y jt , n R (k) Y jt = Y je , (47b) 

and thus we have: 

Mki) V = q h/2 V , (48a) 



Comparing right covariance conditions (45) with the direct calculations (|4q ) we obtain 



£i = r^, for z < n, ^2™ =1 j£j = ^- This means that r^r G Z and that there is no 



summation in £ i: also i n = (r — ^ r i)/ n - 

Thus, the reduced functions obeying ( |4T| ) and (45 )are: 

= X) ^ (Y 21 ) m *K..(Y n , n - 1 ) m ^- 1 (D 1 ) ri ...(D n - 1 ) r »-i(D n ) i , (49) 

where £ = (f — ^ILi * r i)/ n - 

Next we would like to derive the W 3 - action -k on (p . First, we notice that U acts 
trivially on D n = D : 

n(Xf) D = , Tr(fcf) D = D . (50) 

Then we note: 

7r(fc) ^ = o" J / 2 -Dj , 7r(fc) y j£ = , (51) 

from which follows: 

7r(fc) = Q" f / 2 y> . (52) 
11 



Thus, the action of U involves only the parameters rj, i < n, while the action of U q {Z) in- 
volves only the parameter f. Thus we can consistently also from the representation theory 
point of view restrict to the matrix quantum group SL q (n), i.e., we set: 

D = D- 1 = l Ag . (53) 

Then the dual algebra is U = U q (sl(n)). This is justified as in the q = 1 case [|j since 
for our considerations only the semisimple part of the algebra is important. (This would 
not be possible for the multiparameter deformation of GL{n) [ 14]] , fi~5fl , since there D is 



not central. Nevertheless, we expect most of the essential features of our approach to 
be preserved since the dual algebra can be transformed as a commutation algebra to the 
one-parameter U g , with the extra parameters entering only the co-algebra structure 

Thus, the reduced functions for the U action are: 

<p(Y,D) = Yl ^m(Y 21 ) m ^...(Y n , n - 1 ) m ^(D 1 yK..(D ri - 1 Y^ = (54a) 
= 0(Y) (D 1 )^...(D n _ 1 y^ , (546) 

where Y, D denote the variables K;, i > £, Da. i < n. Next we calculate: 



ix{k t ) Dj = g-<W 2 Dj , (55a) 

n(X+) Dj = -Sy Y J+lyJ Dj , (556) 

7r(Xr)Dj = 0, (55c) 

T\(ki) Yji = q ¥^+^o-^j-^+i,i+5u) Yje (56a) 
n(X+) Y j£ = - 5ij Y J+1/ + 5 a q 1 ' 6 ^ 2 Y w Y je + 

+ 5 i+lji (q _1 Yj^-i - Y^i_ x Yji) , 

n(X~)Y je = -5 i+1>j q~ s ^ 2 Yj_ 1>e . (56c) 



(566) 



These results have the important consequence that the degrees of the variables Dj are 
not changed by the action of U. Thus, the parameters r» indeed characterize the 
action of U , i.e., we have obtained representations of U. We shall denote by Cf the 
representation space of functions in ([54D which have covariance properties (0), ( |45aj) , and 



the representation acting in Cf we denote by 7t> - here a renormalization of the explicit 
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formulae may be done to simplify things. To obtain this representation more explicitly 
one just applies (|55|) , ( |56"D to the basis in (|54l ) using (p5|) . In particular, we have: 



Tr(fci) {Dj) n = q- nS v/ 2 (Dj) n , n G % , (57a) 

tt(X+) (D,) n = - c n Y j+ld {D ) n , ne% , (576) 

tt(X-) (Z)j) n = , neZ , (57c) 

Tr(fei) (>» n = g f O^-^-^+m+M (Y^) n , „ ^f. . (58a) 
tt(x+) (y j7 ) n = - Cn (Y^)-- 1 Y j+1/ + 

+ 6 a q l - n5 ^/ 2 c n Y £+1>£ (Y je ) n + 

+ 5 W c n (q- 1 Yj^x (Y^y- 1 - Y u _ x YJl) , n G ^+(586) 

ir(Xr) (Yji) n = - 5 i+1>j q~ 5 ^/ 2 c n Y 5 . lit (Y^) n_1 , n e Z+ , (58c) 



where 



q (1 - n)/2 [nl . (59) 



Further, since the action of U is not affecting the degrees of D{, we introduce (as in 
|J) the restricted functions (f(Y) by the formula which is prompted in ( |546| ) : 

<p(Y) = (A<p)(Y) = <p(Y, D x = ■ ■ ■ = D n _ x = 1a b ) • (60) 

We denote the representation space of 0(Y) by Cf and the representation acting in 
Cf by iXf . Thus, the operator A acts from Cf to Cf ■ The properties of Cf follow 
from the intertwining requirement for A [BJ: 

ftf A = A Tif . (61) 



4. Reducibilty and q - difference intertwining operators 

We have defined the representations 7i> for r\ G Z,. However, notice that we 
can consider the restricted functions (f(Y) for arbitrary complex r%. We shall make these 
extension from now on, since this gives the same set of representations for U q (sl(n)) as 
in the case q = 1. 



13 



Now we make some statements which are true in the classical case ||, and will be 
illustrated below. For any i, j, such that l<i<j<n — 1, define: 



rriij = Ti H h rj + j - % + 1 , 



(62) 



note rrii = rriu = + 1, rriij = m, H + rrij. Note that the possible choices of i, j 

are in 1-to-l correspondence with the positive roots a = aij = a>i + ■ ■ ■ + aij of the root 
system of sl(n), the cases i = j = 1 . . . ,n — 1 enumerating the simple roots a.i = an. In 
general, rriij G (D for the representations 7i>, while rriij G Z for the representations 
iVf. If rriij 4- ^ f° r a ^ possible i,j the representations 7i>, 7i> are irreducible. If m»j G 
IV for some i,j the representations 7i>, 7i> are reducible. The corresponding irreducible 
subrepresentations are still infinite-dimensional unless m, G IV for all z = 1, . . . , n — 1. 
The representation spaces of the irreducible subrepresentations are invariant irreducible 
subspaces of our representation spaces. These invariant subspaces are spanned by functions 
depending on all variables Yjg , except when for some s G IV, 1 < s < n — 1, we have 
m s = m s+ i = ■ ■ ■ = m n -i = 1. In the latter case these functions depend only on the 
(s — l)(2n — s)/2 variables Yjg with £ < s, (the unrestricted subrepresentation functions 
depend still on Dg with I < s). In particular, for s = 2 the restricted subrepresentation 
functions depend only on the n — 1 variables Yj\- The latter situation is relatively simple 
also in the q case since these variables are g-commuting : YjxY^x = qY^xYjx , j > k. 
(For s = 1 the irreducible subrepresentation is one dimensional, hence no dependence on 
any variables.) 

Furthermore, for rriij G IV the representation 7i>, 7i>, resp., is partially equivalent to 
the representation 7T>/, 7i>/, resp., with m! l = r' e + 1 being explicitly given as follows ||: 



' mg , 
mgj , 



for 
for 
for 
for 
for 
for 



mg 



l=i-l , 
t=i<3 , 

e=j>i , 
£ = j + i . 



(63) 



These partial equivalences are realized by intertwining operators: 



*ij • ^-"r 

'•• • C- 



Cf' , rriij G IV , 
Cfi , m,j G IV , 



(64a) 
(646) 
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i.e., one has: 

Tij o 7i> = 7T>/ o X^j , rriij G IV , (65a) 
Iij o 7r f = 7T f / o , m^j G IV . (656) 

The invariant irreducible subspace of 7T> (resp. Tff) discussed above is the intersection of 
the kernels of all intertwining operators acting from 7i> (resp. 7i>). When all m; G IV the 
invariant subspace is finite-dimensional with dimension rii<i<j<n-i m *j / FIt=i 1- > an< ^ 
all finite-dimensional irreps of U q {sl{n)) can be obtained in this way. 

We present now a canonical procedure for the derivation of these intertwining opera- 
tors following the q = 1 procedure of |J. By this procedure one should take as intertwiners 
(up to nonzero multiplicative constants): 

Z T 3 = V%(ir R {Xr),...,„ R (Xr)), m = m l3 elN, (66a) 
T % = V™{7r R (X-),...^R(X;)), m = miJ eIN, (666) 

where Vfj is a homogeneous polynomial in each of its (j — i + 1) variables of degree m. 
This polynomial gives a singular vector ^ in a Verma module y A ( r ) with highest weight 
A(f) determined by f, (cf. ||), i.e.: 

= (a-, v, ) ® ^ , (67) 

where t>o is the highest weight vector of V^ r \ In particular, in the case of the simple 
roots, i.e., when m; = m„ = r% + 1 G IV, we have 

IP = {n R (X-)) m \ m.GlV, (68a) 
IP = {n R (X-)) m \ m,£lV. (686) 

For the nonsimple roots one should use the explicit expressions for the singular vectors of 
the Verma modules over U q (sl(n)) given in ||16|| . Implementing the above one should be 
careful since tt r (X~) is not preserving the reduced spaces Cf, Cf, which is of course a 
prerequisite for (|6~5"D, (|66p, (|68|). 



5. The case of U q (sl{3)) 
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In this Section we consider in more detail the case n = 3. We could have started 
(following the chronology) also with the case n = 2 involving functions of one variable 
M. However, though by a different method, this case was obtained in ||. It can also be 
obtained by restricting the construction for the (complexification of the) Lorentz quantum 
algebra of to one of its U q (sl(2)) subalgebras. 

Let us now for n = 3 denote the coordinates on the flag manifold by: £ = Y 2 \, 
77 = Y32, C = ^3i- We note for future use the commutation relations between these 
coordinates: 

£n = qr]£ - ac , rjC = qCv , C£ = q£( ■ (69) 

The reduced functions for the U action are (cf. (|54])): 

<p{Y,D) = Yl & C V £ (Di) ri {D 2 y* = (70a) 

tint = e C V £ (Di) ri {D 2 y* . (70c) 
Now the action of U q (sl(3)) on ( |70|) is given explicitly by: 

7T(h) <p jni = gi+(-^i)/2 f jni ^ (71a) 

ir(h) (p jnl = q c+(n-j-r 2 )/2 ~. ni 5 (716) 

+ ql+in-l-^-D/l [£]q (p j>n+u _ x , (71 C ) 
7r(X+)<p jn£ = q( 1+n -i- r ^/ 2 l£-r 2 } ql p jn , e+1 - 

~ q -t+(j-n+r 2 -l)/2 [j]q (p._ Xn+ll , ( nd ) 

n(X-) <p jnl = q V-n+ri-i)/2 [j]g (p._ Xnl ; (71e) 

7T(X 2 -) = - g(»-J+^-l)/2 ^. n ^_ 1 _ 

It is easy to check that 7r(fcj), 7r(X i ) satisfy (|l~5f). It is also clear that we can remove 
the inessential phases by setting: 

n^iki) = n(ki), 7r riir2 (Xf) = q^-W iriXf) . (72) 
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Then Tc ri ,r 2 a ^ so satisfy (p~5]j . 

Then we consider the restricted functions (cf. 

0(Y) = J2 <*W ? C n if = (73a) 

j,n,£E 

Vjnt = e C rf . (73c) 

As a consequence of the intertwining property (|6l| ) we obtain that obey the same 
transformation rules (ffl|) as </3j n ^, i-e., (cf. also (ff2|)) we have: 

^n.raCfel) ^in/ = <Z i+(n ^~ ri)/2 <^ , (74a) 
^ = q e+{n - J - r2)/2 0jm , (746) 
7r ri) r 2 (X^) <£,- n ^ = q^-^l 2 [n + j - £ - n] q 0j+i,n£ + 

+ qj - ri -l + (n-i)/2 [£]q , ( 74c ) 
Tt ri ,r 2 {X%) jn £ = q^-ril 2 [£- r2 ] q ip jn>£+1 - 

- g ^-i-^+a-»)/a ^_ 1;n+M , (74d) 

7r ri , r2 (Xf) in< = q^-^l 2 [j] q , (74e) 

7r rijr2 (X 2 ") = - g (n_j)/2 <fijn,£-l - 

_ q -e+(n-j)/2 [n]q . +1>n _ u . (74/ ) 

Let us introduce the following operators acting on our functions: 

Mt0(Y) = N,n,£ Mt jn t , (75a) 

j,n,£E^+ 

where k = £,rj, C, and the explicit action on 0j n £ is defined by: 





= 0j±l,n£ , 


(76a) 


jn£ 


= 0jn,£±l , 


(766) 




= 0j,n±l,£ , 


(76c) 


T$ 0j n £ 


= q J 0jn£ , 


(76a 1 ) 




£ - 
= q <Pjn£ ) 


(76e) 


Tq 0jnl 


= q" 1 0jn£ ■ 


(76/) 
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Now we define the g-difference operators by: 

f>*0(Y) = jM~ (T.-T- 1 ) <p(Y) , k = e»*7,C - (77) 

Thus, we have: 

2^ fijne = [j] <Pj-i,n£ , (78a) 

T>r, (fijni = [£] <fjn,e-l , (786) 
Vint = N 0j,n-l,£ ■ (78c) 

Of course, for g — > 1 we have V K — > <9 K = d/dn. 

In terms of the above operators the transformation rules ([7J|) are written as follows: 

frn.r.Cfci) 0(F) = ?- ri/2 T € if 2 r-V^(?) , (79a) 

n ri , r2 (k 2 ) 0(r) = g -^r,r ( 1/2 r- 1/2 ^), (7%) 

7r ri)r2 (X+)^0P) = (1/A) M € T c 1/2 T- 1 ^ ^q~ ri T^T^T~ 1 — q ri T^ 1 T^ 1 T r ^j 0(Y) + 

+ q-*- 1 M c V v T ? T c 1/2 0(y) , (79c) 

7r ri , ra (X+) 0(y) = (1/A) M v if 2 T- 1/2 (g-^T, - g^T" 1 ) 0(Y) - 

- g 7 " 2 " 1 M c £> ? T^ 1/2 T c " 1/2 T" 1 <^(y) , (79d) 
n ri ,r 2 (Xi) 0(Y) = V ( T~ 1/2 T^ 2 <p(Y) , (79e) 

7f ri , r2 (x 2 -) 0(y) = - t c 1/2 T" 1/2 0(y) - 

- M ? V c T~ 1/2 T c 1/2 T" 1 0(y) , (79/) 

where M K = M+ . 

Notice that it is possible to obtain a realization of the representation 7r ri) r 2 on 
monomials in three commuting variables x, y, z. Indeed, one can relate the non-commuting 
algebra <U [£, rj, Q with the commuting one (D [x, y, z] by fixing an ordering prescription. 
However, such realization in commuting variables may be obtained much more directly 
as is done by other methods and for other purposes in Wt§. In the present paper we are 



interested in the non-commutative case and we continue to work with the non-commuting 
variables £, 77, C- 
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Now we can illustrate some of the general statements of the previous Section. Let 
m2 = r 2 + 1 G IN. Then it is clear that functions <p from ([73D with (J*j, n ,i = if £ > ra 2 
form an invariant subspace since: 

7t ri , r2 (X+) jnr2 = - ? - 1+(i " n)/2 \j] q 0j-l,n+l,r, , (80) 

and all other operators in ( |T4T ) either preserve or lower the index £. The same is true for 
the functions (p. In particular, for 7712 = 1 the functions in the invariant subspace do not 
depend on the variable r\. In this case we have functions of two y-commuting variables 
C£ = q£,C which are much easier to handle that the general non-commutative case (p9]). 



The intertwining operator (|6^) for 771,2 E IN is given as follows. First we calculate: 

{n R (X^)) s <p jnl = {n R (X^)) s & CrfD?D? = 



s 



t=0 ^ ' 



agt — t£+r 2 s/2-(s+t)(s+t+l)/4 



tj a [r 2 -s] q \[£-t} q \ 



where (£) = [n] q \/[k] q \[n - k] q \, [m] q \ = [m} q [m - l] q ... [l} q . Thus, indeed n R (X. 



2 



is not preserving the reduced space C ri ;T . 2 , and furthermore there is the additional variable 
£13. Since we would like tir^X^) to some power to map to another reduced space this is 
only possible if the coefficients a s t vanish for s 7^ t. This happens iff s = r 2 + 1 = 7712. 
Thus we have (in terms of the representation parameters rrii = ri + 1): 



{n R {X 2 )) m2 e C rf D^D 



m 2 — 1 
2 



_ r .m 2 (i— 1— m 2 /2) Mg" t3 t n ^- m 2 n mi2 — 1 n _7n2_ 1 

[£ - m 2 \ q \ 

Comparing the powers of we recover at once (|63|) for our situation, namely, m' x = mi2, 
m' 2 = — TO2- Thus, we have shown ( |64q| ) and ( |65a| ) . Then ( |646| ) and fl656| ) follow using 
( |6ll) . This intertwining operator has a kernel which is just the invariant subspace discussed 
above - from the factor l/[£ — m2] g ! in ( jS2]) it is obvious that all monomials with £ < m 2 
are mapped to zero. 



For the restricted functions we have: 

f~r (Y-\\ m2 „m 2 (i-l-m 2 /2) I '/ " ~ 

(7T R {X 2 )) <p jnl = y 2/ ; - B — j-r (PjnJ-m, 

" — rri2\c 

= q- 3m 2/2 ^ Tjj 
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_m 2 (*-l-m 2 /2) [^gj 

[£-m 2 y (83) 

m 2 



Thus, renormalizing (|68fc|) by 

q -3m 2 /2 we 

finally have: 

m 2 



= [V V T V \ . (84) 



For q = 1 this operator reduces to the known result: I2 = (c^) 7 ™ 2 



Let now mi G IN. In a similar way, though the calculations are more complicated, 
we find: 



{7r R (x-)) mi e c v £ Dp-'Dp- 



2 ~~ 

mi 

m 1 (j+n-£-l-m 1 /2) -t(t+3+2j)/2 



X 



/ TOl 1 tj+t-mi /-n-t l+t n -m 1 -l n m 12 -l 

\t) a kj-m 1+ t] q l[n-t] q lZ C 77 Dl 



(85) 

Comparing the powers of Di we recover ( |63| ) for our situation, namely, vn! x = —mi, m 2 = 
mi2- Thus, we have shown (1641) and (|65|). 



For the restricted functions we have: 

m 1 

MXnP ^ = ^W+n-Z-l-mx/a) £ ^+3+2^/2 



X 



X 
t=0 



* J q [3-rnx+t\ q \[n-t\ q \ 

rn 1 



<Pj+t-mi,n-t,l+t — (86) 



= q - mi (3/2+ mi ) T mx M* (g^X,)™ 1 "' T" mi <£ i? 



t=0 



Then, renormalizing (|68fc|) we finally have: 



m 1 



/f 1 = T c mi V\ (qbtfTx)^- 1 T~ mi . (87) 



t=o 



For g = 1 this operator reduces to the known result: I\ = (d% + rjd^) mi 0. 

Finally, let us consider the case m = mi2 = mi + m,2 G IV, first with mi, m.2 ^ IN- 



In this case the intertwining operator is given by (66,) (q7|) with ||18[| , formula (27), (cf. 
also HIT 



s=0 



a s = (-1) 5 a [mi]g ( m ) , s = 0,...,m, a^O. 

[mi — Sjq, V S J q 
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Let us illustrate the resulting intertwining operator in the case m = 1. Then, we have, 
setting in ( |8~8"D a = [1 — mi] q : 

X\ 2 = [1 - mi], 7T R (Xi) 7V R (X 2 ) + [mj, 7T R (X 2 ) 7T R (X^) . (89) 

Then we can see at once the intertwining properties of 1\ 2 by calculating: 
Zia & C V £ Dp^Dp- 1 = ^+--2-™i [j] [£] g-i rf-i D^^Dp- 2 + 

(90) 

+ Q n ~ 2 [n] q [t + m x ] q ? C~ l rf D^~ 2 D^~ 2 . 

Comparing the powers of Di we recover (|63|) for our situation, namely, m[ = —rri2 = mi — 1, 
m' 2 = —mi = m,2 — 1. 

For the restricted functions we have: 

([1-mi], TTflfJff) K R {X 2 ~) + [mi], 7T fl (X 2 ") 7Tfl(Jff)) ^jn£ = 

= ^- 2+J - mi [j], [£], &- W -i + q n ~ 2 [n] q [£ + mi ] q 0^-1,1 = (91) 
= q~ 2 (q-^ T c P„ + (1/A) V c ( q m *T„ - q'^T' 1 )) T c <p jnt . 

Rescaling (|666|) we finally have: 

I{ 2 = (q~ m 1 Vt T ? V n + (1/A) £> c (q mi T v - q~ mi T~ l ) s j T c . (92) 

For q = 1 this operator is: i"i2 = c^c^ + (m-i + rjd v )d^ 0. 

Above we have supposed that mi, m2 ^ -2V. However, after the proper choice of a in 
(jS8|), (e.g., as made above in (|89|)) we can consider the singular vector ( j88"D and the resulting 
intertwining operator also when mi and/or m^ are positive integers. Of particular interest 
are the cases mi, m 2 G In these cases the singular vector is reduced in four different 



ways (cf. []T8 j , [|l6| formulae (33a-d)). Accordingly, the intertwining operator becomes 
composite, i.e., it can be expressed as the composition of the intertwiners introduced so 
far as follows: 

J™ = ci Ip 7 2 m Ip = (93a) 
= c 2 J 2 mi 7™ I™ 2 = (936) 
= c 3 I 2 mi Al 2 If 1 = (93c) 
= c 4 A" 12 / 2 m2 • (93d) 
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The four expressions were used to prove commutativity of the hexagon diagram of 
U q (sl(3, (£))) [JIBf . This diagram involves six representations which are denoted by Voo, 
Vq , Vq , Vqq, Vqq, Vq Q , in (29) of [|18| and which in our notation are connected by the 



intertwiners in (|9^) as follows: 

C 1 C 2 C 1 C (94a) 

^mi, 777,2 ^—mi,m *-"m2,—m L, -m2 -mi : \u*±u,j 



jm2 jm Tmi 

C 2 C 1 C 2 C (V4b) 

*-"m\,m,2 ^m-mj ^-ra,mi ^— 777,2,— rrii 5 V w / 

7-mi rm 2 rmi 

C 1 C 12 C 2 C f94c) 

^TTll ,777,2 — mi ,771 — 771,7711 ^ — 771 2 , — 777, 1 5 V 17 W 

7-7712 pi 7-7712 

C 2 C 12 C 1 C (94d) 

*-"m\,rri2 l -"m,—m2 ^"m<z,—m ^— 7712,— mi • V 

Of these six representations only C mi)m2 has a finite dimensional irreducible subspace iff 



V(i\m2 > 0, the dimension being rxixm^vnll |18]. If mi = the intertwining operators with 



superscript m\ become the identity (since in these cases the intertwined spaces coincide) 
and the compositions in fl9"5|), ( |9"4"D are shortened to two terms in cases (a,b,d) and one 
term in case (c), (resp. for mi = 0, two terms in cases (a,b,c), one term in (d)). (Such 
considerations are part of the multiplet classification given in ||18|| .) 



Note Added published in: J. Phys. A: Math. Gen. 27 (1994) 6633-6634. 

1. We decided to add several formulae which will be useful for those who would like 
to consider in more detail U q {sl{ri)) for n > 3 without waiting for the sequel of this 
article. (Some of these formulae were used above in their simple n = 3 versions without 
explication.) First we give the commutation relations of the Yjg and Di variables: 

YuYij = qYijYu , i > I > j , (95a) 

Y kj Y i:j = qY l3 Y kj , k>i> j , (956) 

Y ie Y kj = Y kj Y ie , k>i>£>j , (95c) 

YijY M = Y kl Y %3 - XY ie Y kj , k>i,£>j , i ^ i , (95d) 

YijY ki = qY ki Yij - XY kj , k> i> j , (95e) 
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Y jt Di = DiYji , j > £ > i , (96a) 
YjtDi = qD,Y je , j > i > £ , (966) 
Y jt Di = D t Y je , % > j > £ , (96c) 

where in ( |95d| ) we use Yn = when i < £. Note that ( |95a — a] ) may be obtained by 
replacing an with Ya in ( |la — d| ) . Note that the structure of the q - flag manifold for 



general n is exibited already for n = 4, while for n = 3 relations ( |95c, a]) are not present 
- cf. (^9|). The commutation relations between the Z and D variables are obtained from 
(|95l), (p6|) , by just replacing Y st by Z ts in all formuale. 
Next, we explicate the right action on the variables Zjt'. 

tt r (X+) Z jt = 6 i+lil q 5 ^' 2 Z jj£ -i , (97a) 
ttr(X-) Z j£ = hi Z j)t+1 - Sij q- s *+i.*/* Z jd+1 Z jt + 6^ Dj 1 £ ]_ w (976) 
n R (ki) Zjt = q (Si+i,jS ij +5u-5 i+1 ,e)/2 Zj£ _ 



Formula ( |97a|) may have appeared after (^3|) , while the other two are used in the calculation 



of the intertwiners. In the latter calculations we also use: 

7t R (X-) {DiY = Su c n (D e ) n Zt, £+ i , (98a) 
7r R (Xr) (Yjt) n = Su q n ~ 3 / 2 [n] q (l^)™" 1 Yj, l+ i D e+1 DJ 2 Dt-x . (986) 



2. A q - difference operator realization of U q (sl(3)) depending on two o-commuting 
variables and one integer representation parameter was constructed by a different method 
18(1 . Thus, formula (24) of [|19| should be compared with our ( |79|) if we set in (|79| ) 



m 



T\ E r 2 = 0, T v = id, = 0, and then restrict our functions to the variables £, (. 
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